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Abstract. We discuss properties of resonances for exponentially small pertur- 
bations of periodic and free Jacobi matrices. We show that eventually periodic 
Jacobi matrices are uniquely determined by the locations of eigenvalues and 
resonances, and we fully characterize all possible configurations of eigenvalues 
and resonances. 

We show that it is always possible to add/remove a point mass to/from 
the spectrum of a Jacobi matrix without decreasing the exponential rate of 
proximity from the isospectral torus. This generalizes the result of Geronimo 

01- 



1. Introduction 
Periodic Jacobi matrices are the operators on £2(2+) of the form 



J 



for which there exists some (period) p > 1 such that 

b n+p = b„ for all n. 
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(1.1) 



(1.2) 
Sequences 



Any matrix of the form (1.1) will also be denoted by (a n ,b n )'^L 1 . 
{et„}, {&„} of real numbers are called Jacobi parameters. 

We will be concerned here with two classes of perturbations of periodic Jacobi 
matrices. The first contains the eventually periodic matrices, that is, all matrices 
J for which there exists s > such that 

<z„ = a£\ b n = for all n > s + 1, (1.3) 

for some periodic Jacobi matrix (a„ , bn^)^—i- 

The second class consists of the exponentially small perturbations of periodic 
matrices, i.e., those matrices for which there exists 1 < R < 00 such that 



limsup (\a n - o<W| + \b n - b^\) 1/2n < R 

n. — Vnc, * ' 



(1.4) 
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for some periodic Jacobi matrix (cin\ bffl)™ =1 . 

Let \i be the spectral measure of J with respect to the vector (1, 0, 0, . . .) T (we 
are assuming aj > 0; therefore this vector is cyclic). 

It is well-known that essential spectrum of a p-periodic Jacobi matrix consists 
of p closed intervals which are allowed to touch but otherwise are disjoint. Thus 



i+i 



, (J) = ess supp n = [J [a 3 ,j3j] = e, 



< /3j < aj 



(1.5) 



We will refer to [aj, f3j] as a "band", and to (/3j, otj+i) as a "gap". I here is the 
number of gaps (in general I < p — 1). We call e a finite gap set. 

Note that the perturbations (1.31, (1.4) that we are considering are compact. 



Thus their spectrum also satisfies (1.5) 



The important special case of periodic Jacobi matrices is with p = 1 (I = 0). 
Then the spectrum consists of one band. Typically one normalizes, a n — 1, b n = 
for all n, in which case the spectrum is [—2, 2]. We will refer to this matrix as the 
"free Jacobi matrix", and its finite rank perturbations will be called "eventually 
free". 

To any fi we can associate 



m(z) 



dfx(x) 



z $l ess supp fi, 



(1.6) 



the Borel/Stieltjes transform of /i. We will refer to this function as the m-function 
of J . This is a meromorphic function on C\e. As was shown in [TU] (see Lemmas 2.5 
and 2.6 below), under (1.3) or (1.4), the m-function has a meromorphic continuation 



through the bands of e to some domain of the second sheet of the natural Riemann 



surface S c (see Definition 2.1). 

In accordance with the continuous Schrodinger operators, we define resonances 
to be the poles of m on the second sheet of S. Resonances that are real will be 
called antibound states. In Section [3] we establish properties of eigenvalues and 
resonances. In particular we show that between each two consecutive eigenvalues 
in the same gap there must be an odd number of antibound states. This property 
has been established by Simon in [T3] for Schrodinger operator with exponentially 
decaying potentials (analogue of (1.4)). In fact, we show that a stronger fact holds 



true: if counted from any band edge, every second singularity must be a resonance. 
See Theorem 3.1| for the rigorous statement. 

In Section 4] we solve the inverse problem: the location of eigenvalues and res- 
onances uniquely determines the eventually periodic Jacobi matrix. Moreover, we 
find the necessary and sufficient conditions on the system of eigenvalues + reso- 
nances that can occur for eventually periodic Jacobi matrices. In particular this 
allows to construct an (eventually periodic) Jacobi matrix with spectrum z'0{zj}^ =l 
for any finite sequence {zj}^ =1 of points outside of e. This result seems to be new 
even for I — case. 

In [T] Damanik and Simon found a necessary and sufficient condition for an 
analytic function u to be the Jost function of a Jacobi matrix with exponentially 
converging parameters (i.e., in our notation, exponentially small perturbations of 
I = case) 



These conditions (see Lemmas 5.2 and |5.3[ ) involve a not-so-intuitive 
notion of canonicity. Using our observations from Sections [3] and |4j we can restate 
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the notion of canonicity entirely in terms of configuration of the zeros of u. This is 
done in Section [5] 

In Section [6] we study the effect that removal or addition of a point mass to the 
measure (in the literature this is sometimes called the Uvarov transform) has on the 
Jacobi parameters. We show that in the I = case the effect is always exponentially 
small, and we can calculate the exponential rate of the change (this is not true in 
general though, see Wong's [IS])- When I > 0, the effect is no longer exponentially 
small. However, if J is exponentially close to a periodic Jacobi matrix Jq, then 
after the Uvarov transform the new Jacobi matrix will be exponentially close to 
another periodic Jacobi matrix J7b with a esa {Jo) = £r ess (j7o). O ne rnay want to 
think that the effect is still exponentially small, but with respect to the distance 



from the isospectral torus (see Definition 2.3) 



Using our methods, studying the effect of the Christoffel transforms is also easy 
(by Christoffel transform we will mean the "multiplication" of the measure by a 
rational function). We do this in Section [7] In particular we show that using a 
Christoffel transform and a sequence of Uvarov transforms we can always add any 
finite set of point masses to the spectrum of the measure without decreasing the rate 



of exponential proximity (in the sense of (1.4)) from the isospectral torus. In fact 
we can do this for the resonances too, but only if it does not violate the "interlacing" 
properties of Theorem |3.1| of course. This completely solves the problem studied 
by Geronimo (I = 0) in [3] (see also Geronimo-Nevai [4]): we remove the positivity 
constraint in [3] that was implicitly imposed on the expression for the weight (see 



Remark 3 after our Theorem 7.1 or [31 Eq. (3.14)] 

Finally in Section [8] we show that some of the results from Sections [6] and [7] can 
be generalized to the matrix- valued setting (i.e., when a n , b n are square m x m 
matrices) . 

During the write-up of the paper the author stumbled upon the recent paper 
by Iantchenko-Korotyaev [7J who also study eventually periodic Jacobi matrices 
using entirely different methods. The only result that seem to be common is a 



part of our Theorem 3.2 (indeed, the function F from [7J is our function a from 
Section |4j up to a multiplicative constant). For the inverse problem they use the 
Jost function rather than m-function, and it does not seem to be straightforward 
to derive one result from another. Moreover, their methods do not seem to indicate 
that resonances and eigenvalues uniquely recover the Jacobi matrix. The inverse 
problem of [7J is also different from ours: they consider finite rank perturbations of 
a fixed periodic Jacobi matrix, while our approach is to classify the spectral data 
for the eventually periodic Jacobi matrices with a given essential spectrum, i.e., 
finite rank perturbations of a matrix from the given isospectral torus. 

Other than the paper [7] (and [TJ |T2] for I — 0) , the author is not familiar with 
any other paper which studies the spectral problem (direct or inverse) of eventually 
periodic Jacobi matrices. There are many results that treat resonances of the 
Schrodinger operator, as well as the full line Jacobi operators (see, e.g., [17j[T3] and 
[21 [7J and references therein) . 

The results of Sections [6] and [7] were inspired by [Bid]. We use a different method 
and obtain more general results. The benefit of our approach is in that: 

• we can treat I > 0; 

• we can insert eigenvalues in the gaps; 

• the positivity constraint on the weight can be overcome; 
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• the proof is very simple and technically undemanding. 

Note that the double commutation method of Gesztesy and Teschl [5] gives more 
or less explicit formula for the Jacobi parameters of the measure with added mass 
point. Their results work under great generality, of course. However in order to 
measure the exponential rate of perturbation, as we do here, one would need a good 
control over the Jost solution. 

The only non-elementary tools that we use for the proofs here are Lemmas |2.5| 



and 2.6 from the author's |10) . 



all the results in this paper also inherit this restriction (except Theorems 



3.2 


3.3 


2.6 


get 



which can be proved using [TOj Lemma 4.8]). As soon as Lemmas 2.5 and 
generalized to the closed gaps situation though, then so will be everything else in 
this paper. 

2. Preliminaries 

For the background and additional information on periodic Jacobi matrices, see, 
e.g. [15] ■ We follow closely their notation. 



For a measure /i with (1.5), the m-function (1.6) is a meromorphic on C \ e 
function. It is Herglotz, meaning Imm(z) > whenever Imz > 0, and Imm(z) < 
whenever Imz < 0. We will discuss its meromorphic continuations through the 
bands e to the second sheet of the Riemann surface <S C . 



Definition 2.1. Assume c is a finite gap set (1.5). Define S e to be the be the 



hyperelliptic Riemann surface corresponding to the polynomial Y\ l jtX( z ~ a j)( z ~ Pj)- 

We will not give the formal definition, which can be found in many textbooks 
(see, e.g., [15l Sect 5.12]). Informally S c can be described as follows. 

Let C+ = {z : Imz > 0}, C_ = {z : Imz < 0}. Denote S+ and <S_ to be two 
copies of C U {oo} with a slit along e (include c as a top edge and exclude it from 
the lower), and let S e be 5+ and S- glued together along e in the following way: 
passing from C + D S + through e takes us to C_ D <S_ , and from C_ D S + to C + D <S_ . 
It is clear that topologically £> c is an orientable manifold of genus I. 

Let 7r : S — > C U {oo} be the "projection map" which extends the natural 
inclusions 5 + hCU {oo}, 5_ ^ CU {oo}. 

The following notation will be used frequently throughout the paper. 

Definition 2.2. 

• For z G C U {oo}, denote by z + and z_ the two preimages w (z) in S+ and 
S- respectively {for z G U^iL^o,-, /??}, z + and z_ coincide). 

• Let z" be (^r(z)j if z € S + \ 7r _1 (e), and (jr(z)^J if z e 5_ \ 7r _1 (e). In 

order to make this continuous, we make the convention z' = z for z G 7r _1 (e). 

• Let rrv (z) = m(z") . 



Note that in fact m(z) = m(z) for z G <S+. In (3.1 ) we will see that m(z) = m(z) 
for z G iS_ as well, so one can think of m* as m((w(z))_) if z G 5+ and ro((7r(z)) + ) 
if z G 5_. 

As was mentioned in the Introduction, the essential spectrum of any p-periodic 



Jacobi matrix is a finite gap set (1.5), where I < p — 1. In fact, there exists a 



EVENTUALLY PERIODIC JACOBI MATRICES 



5 



polynomial A (called the discriminant) of degree p such that 



(+1 



c = [Jia,, 13,} = A-\[-2,2}). 



In particular A(z) = z when e = [—2, 2]. 

If Z = p — 1, then we say that J has all gaps open. It is known that a hnite 
gap set e is an essential spectrum of some periodic Jacobi matrix if and only if the 
harmonic measure of each band is rational. It is an essential spectrum of some 
periodic Jacobi matrix with all gaps open if and only if the harmonic measure of 
each band is equal. 

It turns out that if there exists at least one periodic Jacobi matrix J with 
&ess{J) — t, then there exists a whole set of periodic Jacobi matrices satisfying the 
same property. In fact, this set is homeomorphic to (S 1 ) 9 , a ^-dimensional torus. 
See [El Chapt 5] for more details. This motivates the following definition. 

Definition 2.3. The isospectral torus % of c is the set of periodic Jacobi matrices 
J with a ess (J) = e. 

From now on assume that all gaps of c are open (this is a generic situation, see 
PS Chapt 5]). 

Let us define some special subsets Sr of S c that will be used commonly in this 
paper. 

Definition 2.4. Let x(z) = z + z^ 1 . For each R > 1, let 



where Eft is the union of interiors of the bounded components of the set A (x(RdV))). 

Note that x(RdV>) are concentric ellipses. Below is an example (p = 3) how Ef> 
evolves as R grows. 



(2-1) 




Now we are ready to state the main tools of this paper. 



Lemma 2.5 (|10j). Assume esssupp/z = z, and let m(z) = J 
The following are equivalent: 



d[i(x) 




1 



(2.2) 



where (a„ , 6„ )^ = i is a periodic Jacobi matrix from T c - 
(ii) (a) m has a meromorphic continuation to Sr; 
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(b) m has no poles on 7r _1 (e), except at 7r _1 (U^ =1 {aj, /3j}), where they are 
at most simple; 

(c) m(z) — m}(z) has no zeros in tt~ 1 (Er), except at Tr^ 1 (U^ =1 {aj, f3j}), 
where they are at most simple; 

(d) If m has a pole at z for z G it~ 1 (Er \ e) then z* is not a pole of m. 

Lemma 2.6 ([ID]). Assume esssupp^ = e, and let m{z) — f d ^ x J . 
The following are equivalent: 

(i) The Jacobi matrix (a ni b n )'£L 1 associated with fi is eventually periodic, i.e., 
satisfies 

K,6n)" =s € T c for some s. (2.3) 

(ii) (a) m has a meromorphic continuation to S; 

(b) m has no poles on 7r _1 (e), except at 7r -1 (U^ =1 {aj, /3j}), where they are 
at most simple; 

(c) m(z) — m"(z) has no zeros in S \ {±oo}, except at 7r -1 (U^ =1 {ay, f3j}), 
where they are at most simple; 

(d) If m has a pole at z for z G ir^ 1 ^ \ e) then z* is not a pole of m. 

Because we will be discussing meromorphic continuations, the next lemma will 
prove to be useful. 



Lemma 2.7 ([5]). Letm be as in (1.6 1. Thenm can be analytically continued from 
<S + n 7r _1 (C+) through an interval IcR)/ and only if the associated measure n is 
purely absolutely continuous on I, and the density f{x) = ^ is real-analytic on I . 
In this case, the analytic continuation of m into some domainT>- ofS- ri7r _1 (C_) 
is given by 

m(z_) = m(z + ) + 2irif(z), z G 7r(2?_), 
where f(z) is the complex- analytic continuation of f to 2?_. 



Definition 2.8. Suppose m satisfies either Lemma (2.5) or (2.6), and let z G S c 

be a pole of m. Then 

• We call ir(z) a singularity of J ; 



• IfzeS+\ litila,-, f3j}, then we say that 7r(zj) is an eigenvalue of J ; 



3 

• If z € <S_ , then we say that 7r(zj) is a resonance of J ; 

• If Z G <S_ and lm7r(z) = 0, then we say that ft(zj) is an antibound state of 
J- 

Note that a band edge zq G {ctj, f3j} may be a pole of m (which means to(zo) ~ 
0( , _g Q y./2 ))i in which case it is a resonance, as well as an antibound state. 

As a notational remark, whenever we have any function g of complex variable, 
and z G 5, then we will occasionally write g{z), instead of g{ir{z)). 

3. Direct Problem 
3.1. Structure of singularities of exponentially small perturbations of pe- 



riodic Jacobi matrices. Suppose J satisfies (1.4) for some R > 1. Note that for 
x G e, 

Imm((i + «0) + ) = irf(x) = — Immffi — i0)+). 
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Thus using Lemma 2.7 to continue m from S+Dtt 1 (C+) to S-Dtt 1 (C_), and then 



from S + n 7r _1 (C_) to S_ n 7r" 1 (C + ), we obtain that for ze5_fl 7r _1 ( c +) n S R, 

m(z-) = m(z+) + 2irif(z), 
m(z-) = m{z+) — 2irif(z), 



which, using m(z + ) = m(z + ), implies 



m{z-)=m(z-), z eS-nn- L (C+)nS R . (3.1) 



Now we establish properties of singularities (see Definition 2.8) of J . The main 
condition is (iv), which, roughly speaking, says that every second singularity of m 
must be necessarily a resonance when counted either from the left edge of any band 
or from the right. 



Theorem 3.1. Suppose J satisfies (1.4) for some 1 < R < oo. Denote by {zj}^ =1 
(N < oo) the singularities of m (counting multiplicities) that are located in the 
simply- connected component of ErP\M. which contains [a,-, ft]. Denote by X\, x 2 , ■ ■ ■ 
and 2/i,2/2) • ■ ■ t° oe the real singularities of to in that region: 

■ ■ ■ < 2/2 < 2/1 < ocj < fa < x\ < x 2 < ■ ■ ■ 

Then 

(i) ^C\ U ;t 1 1 (a J ,ft); 

(ii) Non-real Zj 's come is complex conjugate pairs (counting multiplicities) , and 
are necessarily resonances; 

(iii) If x\ = /3j then x\ is a resonance of order 1; if j/i = ctj then j/i is a 
resonance of order 1; 

(iv) X2, X4, xe, ■ ■ ■ and 2/2) 2/4 > 2/6 • • ■ are antibound states of m. 

Remark. In particular, (iv) implies that: 

• Between any two eigenvalues (which are located in the same simply-connected 
component of En and are not separated by a band) there is an odd number 
of resonances (counting multiplicities); 

• If a singularity is of order higher than 1, then it's necessarily a resonance. 



Proof, (i) and (iii) follow from Lemma |2.5[ ii)(b). (ii) follows from the fact that m 
is Herglotz and (3.1). Let us prove (iv) now. 

Since m has at most order 1 pole at band edges, let the Taylor's series of m at 
f3j be 

m(z) = c_i(z - /3,r 1/2 + c + Cl (z - ft) 1 / 2 + c 2 (z - ft) + ■ • • 

Since m is Herglotz, Imm(a;-M0) > on [a,-, ft]. This implies that either c_i < 0, 
or c_i = and c\ > (note that it is not possible to have c_i = cj = because 



zeros of m — rrv at the band edges are at most simple by Lemma 2.5 ii) (c) ) . Then 

iJ(z) = -c-!(z - ft)' 172 +c - Cl (z- ft) 1 / 2 + c 2 (z - ft) + ... , 
and thus 

m(z) - tJ(z) = 2c_i(z - ft)~ 1/2 + 2 Cl (z - ft) 1/2 + 0((z - ft) 3/2 ). 

Now, if c_i < 0, then m — mr is negative to the right of ft . Since in this 
case ft is a first order pole, X\ — ft . Note that m — to" cannot be equal to zero 
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(Lemma 2.5 ii) (c)) on (/3j, otj+i), and thus 



lim m(z) — m*(z) — — oo (3-2) 
z-y(x2-0)+ 

This implies that x 2 must be a resonance: indeed, if (£2)+ were an eigenvalue, then 
lim z _,.( X2 _o) + m(z) = +00 (because lim x _>. X2 _o t^i^ = +00) and lim 2 ^ (:E2 _o) + to^z) 
is finite (Lemma |2.5[ ii)(d)), which would contradict to (3.2). 

Now, if c_i = and Cj > 0, then to — to" is positive to the right of /3,-. Since 
to — to" cannot be equal to zero, we obtain 

lim m(z) — rtv{z) = +00. 

z-s-(xi-0) + 

If X\ — x 2 then it is a resonance, since to is Herglotz on S + and therefore cannot 
have second order poles there. If x\ ^ x 2 , then 

lim m(z) — mHz) = —00, 

z^(x 1+ 0) + 

lim m(z) — mr(z) = —00, 

Z—>-(x2— 0)-|. 

which again implies that £2 is a resonance by the arguments above. That x^ is a 
resonance for every even k follows by the same arguments. 
Similarly for yj's: if the Taylor's series of to at aj is 

m(z) = c-i(z — a.jY x l 2 + c + ci(z — OLj) X l 2 + c 2 (z ~ (Xj) + . . . , 

then in order to have ImTO.(x + iO) > on [oj, (3j\, we must have that c_i is purely 
imaginary with Imc_i > 0, or c_i = and Ci is purely imaginary with Imci > 0. 
Then 

m(z) - to j (z) = 2c_x(z - aj)~ 1/2 + 1c x [z - aj) 1/2 + 0({z - ajf /2 ). 
In the first case scenario, Imc_i > 0, y% = ctj, m — m* positive to the left of ctj, so 

lim m(z) — rrviz) — +00, (3-3) 

z^(y 2 +0) + 

which implies that y 2 is a resonance. In the second case, c_i = 0, Imci > 0, m — to* 
is negative to the left of ctj, so we obtain 

lim 

lim 

z-Ky 1 -o)+ 

lim 

*->(lfiI+0) + 

which again implies that y 2 is a resonance. □ 
3.2. Eventually periodic situation. 



m(z) 


— to' 


(z) = -00, 


m(z) 


— to' 


(z) = +OO, 


m(z) 


— TO 


(z) = +OO, 



Theorem 3.2. Let J be eventually periodic, that is (|1.3|, and let to be its m- 

m(z) 



function (1.6 1. Then 

p(z) ± y/rjzj 



a(z) 

m(z) ~ , z - 
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where 

i+i 

r(*) = ( 3 - 4 ) 

3=1 

N 

a(z) = A Yliz-Zj), (3.5) 

0=1 

dega = N>l, (3.6) 

degp < max{iV- 1,1+ 1}. (3.7) 
The singularities {zj}^ =1 (N < oo) of m satisfy the following properties: 

(i) ^C\u;+ 1 1 (a J ,ft); 

(ii) Non-real Zj 's come is complex conjugate pairs ( counting multiplicities) , and 
are necessarily resonances; 

(iii) If Zj is a band edge then it is a resonance of multiplicity 1; 

(iv) When real singularities are counted (with multiplicities) from any band edge 



(as described in Thm 3.1), then every even-numbered one is necessarily a 
resonance. 

Remarks. 1. In particular, (iv) implies that: 

• Between any two eigenvalues (which are not separated by a band) there is 
an odd number of resonances (counting multiplicities); 

• Each gap [f3j,ctj+i] contains odd number of real singularities (counting 
multiplicities) ; 

• If a singularity is of order higher than 1, then it's necessarily a resonance. 



2. In the proof of this Theorem we use Lemma 2.6 i)=>(ii), which demands all 
gaps to be open. However, the direction Lemma 2.6l)=>(ii) can be established 
easily in the closed gap situation via induction and |10[ Lemma 4.8]). 

3. If J is actually periodic, then (i) should say Zj € C U {oo} \ lLt^(a:j, fy), 
since oo_ is actually a first pole of m. However if J is not periodic, then oo± is 
never a pole, as we show in Theorem |3.3| 



Proof. By [151 Prop. 5.12.1], any m meromorphic on S must be of the form 

p(z) ± q(z)y/r(zj 



m(z) 



a(z) 



where p, q, a are polynomials with no common zeros, and r as in ( 3.4 1 . However by 
Lemma |2.6[ ii)(c), q cannot h ave z eros anywhere except possibly at the band edges. 

Suppose q(ctj) = 0. Lemma 



2.6^ii)(c) states that m(z) — m^(z) = 2g ^j^ r ^' ) has 



at most first order zero at ctj. Therefore ctj must also be a zero of a(z). But then 
p(aj) 7^ 0, which implies that m — O ( ^ z _} a .^k ) with k > 1, which is a pole of order 
at least 2 at ctj. This contradiction shows that q is a constant and therefore may 
be assumed to be 1. 

The degree of m as a meromorphic function on S c (i.e. topological map from S c 
into the Riemann sphere) is at least I + 1: see [13 Thm 5.12.5(b)]. Thus it has at 
least I + 1 poles. Therefore either the degree N of the polynomial a is at least I, or 
otherwise oo_ would be a pole of order 2 (oo + is a zero of m so cannot be a pole). 
However oo_ is never pole of order 2: it is either a pole of order 1 if the Jacobi 
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matrix is periodic (see [El Thm 5.13.1(iv)]), and otherwise it is not a pole (as we 



show in Thm 3.3 below). 

This proves that dega > I. Note that at oo + , \Jr(z) ~ z l+1 , so in order to have 
m(z) ~ — - at 00+ we must have: if deg a = Z then degp = 1 + 1; if deg a = Z + 1 or 
Z + 2 then degp < / + 1; if dega > Z + 2 then degp = dega — 1. 

(i) follows from Lemma [2~6^ii) (b) . 



(ii) follows from the fact that m is Herglotz on S+ and (3.1 ) 



(iii) and (iv) follow from Theorem 3.1 □ 
Let us introduce the notation 

= (a n ,b n )%L s+1 , (3.8) 

that is, is the Jacobi matrix obtained from J by removing the first s rows and 

columns. It is well-known that the m-functions m(z), m^(z) of J and obey 

m(z) = 1 2 , . . (3.9) 

b\ — z — a\mS y >{z) 



Suppose J is an eventually periodic Jacobi matrix with (1.3) for some s > 0. 
This says that € 7^. Suppose J7^ s_1 ' ^ 7e- We will say that coefficient a s is 
aperiodic if a s ^ a s+p , and otherwise we will call it periodic. Similarly for 6 S . Since 
j^O-i) ^ then either a s , or 6 S , or both of them are aperiodic. 

Theorem 3.3. Suppose J is an eventually periodic Jacobi matrix with J~( s "> G T c 
but J^- 1 ') <£T t (s>0). Then: 

(i) If s — then deg m — I + 1 and ZZie Z + 1 singularities of J are: one at oo_ 
and one per each gap. 

(ii) If s > , 6 S is aperiodic, and a s is periodic, then degm — I + 2s — 1, and 
oo_ is not a pole of m. 

(iii) If s > and a s is aperiodic, then degm = Z + 2s, and oo_ is not a pole of 
m. 

Proof. For the periodic case s = the result is proved in [T51 Thm 5.13.1]. 
Now suppose s = 1. Then 

m(z) = 1 (3.10) 

b\ — z — afm^'^z) 

where irS^ has one singularity per gap and one at oo_. Recall that m^'(z) ~ — - 
at oo + and m^^z) ~ k\z + Zco + O(^), fci 7^ 0, at oo_. Thus rnP*\z) = exactly 
once per each gap, at oo + , and possibly at oo_. Note that m^ 1 \z) = at 00 _ if and 
only if —1 — afki ^ 0. But we know that if a x is periodic then m^'(z) has a pole 
at oo_. Therefore a± = y/—T/ki is precisely the condition for a\ to be periodic. 

Thus, we have shown that if s = 1 and a\ is aperiodic then m has exactly Z + 2 
zeros: once per each gap, one at oo + , and one at oo_. Thus degm = 1 + 2. 

Suppose now that a\ is periodic, a\ = y/—T/ki, but 61 is aperiodic. Then oo_ is 
not a zero of m, so deg m = Z + l. Moreover, note that oo_ is a pole of m if and only 
if bi — a^Zco = 0. This means that 61 + Zco/Zci = is exactly the condition for 61 to 
be periodic. Thus, if s = 1, ai is periodic, and b\ is aperiodic, then degm = Z + 1, 
and 00 _ is not a pole of m. 
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Now s > 2 follows easily by induction. Indeed, 

m(z) 



(3.11) 



and oo_ is not a pole of m^>. Therefore m has zeros at oo + , oo_, and at every 
pole of m^. Therefore degm = degm^ + 2. □ 

4. Inverse problem 

Theorem 4.1. Let {(zj, e 3 -)}jLi ('+1 < N < oo) be given (not necessarily distinct), 
where Zj £ C, ej £ {1,— 1}. If ej = 1 then we think of Zj as an eigenvalue, and if 
Ej = —I then as a resonance. 



If this set of point satisfies (i)-(iv) of Theorem 3.2, then there exists a unique 
eventually periodic Jacobi matrix J with such a system of singularities. 

Moreover, if s — \^-^~\, then J 'w is periodic, and v 7^ s ~ 1 - ) is not. IfN — l is odd 
then then a s is periodic and b s is aperiodic; if N — I is even then a s is aperiodic. 



Remarks. 1. If N = I + 1, but not all of them are finite (namely, (zjv+i,£jv+i) = 
(oo_,— 1), a resonance at oo_), then there exists a unique periodic Jacobi matrix 
with such a system of singularities. This is well known, see [HI Thm 5.13.5] and 
references therein. 

2. In particular, we implicitly assume that our system {(zj, ej)}^ =1 satisfies the 



conditions in Remark 1 after Theorem |3.2| (which are just corollaries of (iv)). 

3. As becomes clear from the proof, the spectral measure of any eventually peri- 
odic Jacobi matrix can be explicitly written in terms of the system of singularities, 
see pa-diiBI. 



Proof. Let 



m(z) 



p(z) + \frjz) 



a(z) 



z e S+, 



(4.1) 



where r(z) is (3.4), a(z) = AY[f =1 (z ~ zj), and A, p are to be determined. Note 



that by Lemma 2.6 ii)(d), we want to avoid simultaneous poles of m at (zj) + and 



(zj)-. Therefore we must require 

p(zj) = e^r{zj), 



J 1 V. 



(4.2) 



However, if Zj is a singularity of order s > 2, 1 • G . j Zj Zj -J- 1 ■ . • Zj _|_ g — ~Y ) then 

additionally we require 

d m . 

m = 0,l,...,s-l. (4.3) 



V 



(m) 



3.2 



Here ej = — 1 since it is implied by the property (iv) of Theorem 

Note that (4.2|+(4.3| form a system of N equations (if we ignore the identical 
equations in (4.2 1) with respect to the unknown coefficients of the polynomial 

M 



c k z 



fe=0 



It is easy to see that if the number of unknowns equals to the number of equations 
that this system has a unique solution. We show this in the next lemma. 



Lemma 4.2. If M = N — 1 then the system (4.2 1 + ( 4.3 ) has a unique solution. 
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Proof. If all Zj 's have multiplicity 1, then the coefficient matrix of our linear system 
is a Vandermonde matrix, and therefore has a non- vanishing determinant. 

If some of the Zj's have multiplicity > 2, then one needs to slightly modify the 
standard proof of Vandermonde determinant. Indeed, performing the elementary 
row operations the determinant of the coefficient matrix can be reduced to 

± n 

j<k;zj^z k 



where s j is the multiplicity of Zj . 

Now, let us consider the following cases. 
UN = 1 + 1 then we take M = I + 1, c i+ i 
at oo+), and the rest of the coefficients cq, . 



□ 



— 1 (this ensures that m(z) —> 
, q to be the unique solution of 
( 4.2 )+( 4.3 1 (Lemma 4.2 applies since we can take the Q+i-terms to the right-hand 
side, and therefore the number of unknowns equals to the number of equations). 
If N > I + 2 then we take M — N — 1, and choose cq, . . . , cm to be the unique 



solution of (4.2|+(4.3) 



Now for any z 6 <S+ n 7r (C+), let us choose T + to be any simple clockwise 
contour in <S+ whose interior contains e, all the singularities {zj}jLi, but does not 
contain z. Note that by our construction above, m(z) — > as z -+ oo+. Thus by 
the Cauchy formula, 



1 

27Ti 



m(w) 



dw = m(z), z € <!?4 



Now by shrinking the contour towards the real axis, and using (4.1) and (4.2), we 
obtain that 

9(x) 



m(z) 



E 

{^=1} 



z&S 4 



where 



g{x) 



Wj 



1 lim £ _>.()+ Im y/r{ 

* ^n£Li(z- 



- is) 



Zk) 



(4.4) 



(4.5) 



(4.6) 



Note that \J r(z) here switches sign from one gap to another, and lim £ _j.o+ I m \J r (x + 
switches sign from one band to another. 

We still have not defined A. First choose the sign of A to be such that (4.5) 
is positive for x € (otj+i, Pl+ij- Note that the sign of lim e _j. + Im \J r(x + ie) on 
(ai, Pi) is opposite to its sign on (aj+i, Pi+i)- However a has odd number of roots 
on [Pi, aj+i] 5 which means that g(x) is also positive on (ai,Pi). Proceeding further 
in the same manner, one shows that g(x) > on e. 

Now let us show that all the weights Wj are positive. Suppose Zj is the smallest 



1. Then the sign of Wj , see (4.6), 



IE) 



see (4.5), i.e., is positive. Similarly, 



singularity on [07+1,00). Suppose that e, 
coincides with the sign of g on (a;+i, P1+1) 
every odd-numbered Wj on (a;+i,oo) is positive. Tracking signs in other gaps and 
on (— 00, ai] in the similar fashion proves that all Wj (with e, = 1) are positive. 
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Therefore (4.4) implies that m is a Hcrglotz function: 

d/j,{x) 

m(z) = 

x — z 

for some positive finite measure fi. Now we can choose the absolute value of A so 
that /i has total mass 1. 

This shows that m is an m-function of some Jacobi matrix J . By the construc- 



tion, it is clear that m satisfies all the conditions of Lemma 2.6 ii). Thus Lemma 2.6 
proves that J is eventually periodic. 

Uniqueness is clear: each step of the construction was uniquely determined by 
the requirements of Theorem |3.2| 



The "moreover" part of Theorem |4.1| immediately follows from Theorem |3.3| □ 

Corollary 4.3. Let S be a finite gap set e with finitely many points outside of it. 
Then there exists an eventually periodic Jacobi matrix J with 

o-(J) = S. 

Remarks. 1. Given the current limitations of Lemma |2.6| e must consist of bands 
of equal equilibrium measure. 

2. Of course such J is far from being unique because we can choose resonances 
in infinitely many ways. 

5. I = AND PERTURBATION DETERMINANTS 

Using the above ideas (for 1 = 0), one can now restate the results of Damanik- 
Simon, 1 , in a more explicit way. Recall that in the perturbations of the free 
case, under sufficient regularity on the Jacobi parameters of J (e.g. if the Jacobi 
parameters obey Sj=i l a il 2 + |1 — bj\ 2 < oo), one can define the perturbation 
determinant of J via 

L(z) = det (l + (J - Jo) [Jo-(z + z- x )Y l 

(see [HIS])- Another way to think about it is as L(z) = ^fey, where u(z) is the 
Jost function of J. Note that u(0) > (see [TJ Eq. (A16)]. The main results 
of [T] are the two theorems (pQ Thm 1.9 and Thm 1.11]) formulated below. To 
state them we need the notion of canonic weights from [1 . This notion is not the 
most straightforward and is indirect in terms of L. Even in terms of u, there is an 
implicit condition of positivity of the right-hand side of ( |5.1[ ) . The main purpose 
of the current section is to show that canonicity can be expressed more directly. 

Definition 5.1. Suppose a function u is real analytic in {z : \z\ < R} for some 
R > 1, has only real zeros {zj}" =1 in D, and let a set of positive numbers {u>j}™ =1 
be given. If \zj\ > R , then Wj is said to be canonical if and only if 



t/(2>(l/%)j (5.1) 

Theorem 5.2 (Damanik-Simon). If a n = 1 and b n = for large n, then L(z) is 
a real polynomial and all the weights are canonical. Conversely, if L(z) satisfies 

(i) L(z) is a real polynomial; 

(ii) L(z) is nonvanishing on D \ K; 

(iii) if +1 and/or — 1 are zeros, they are simple; 
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(iv) L(0) = I, 

then there is at most one set of Jacobi parameters with a n — 1 and b n — for n 
large that has L as perturbation determinant. Moreover, the weights associated to 
this set are the canonical ones. If these canonical weights lead to Wj > 0, then there 
is a set of Jacobi parameters with a n = 1 and b n = for large n. 

Theorem 5.3 (Damanik-Simon) . Let R > 1. // 

limsup(|l-a„| + |& n |) 1/2 " <ir* (5.2) 

n— >oo 

holds, then L(z) has a real analytic continuation to {z : \z\ < R} and the weights 
of all Zj with \zj\ > i?" 1 are canonical. Conversely, if L{z) is real analytic in 
{z : \z\ < R} and obeys (ii)-(iv) of Theorem 5.2, then (5.2) holds if and only if all 
weights for Zj with \zj\ > R^ 1 are canonical. 

Below we reformulate these theorems in terms of properties of L alone, and the 
notion of canonicity can be avoided. 

Theorem 5.4. L(z) is a perturbation determinant of an eventually free Jacobi 
matrix if and only if: 

(i) L{z) is a real polynomial; 

(ii) L(z) is nonvanishing on D \ R; 

(iii) if +1 and/ or — 1 are zeros, they are simple; 

(iv) L(0) - 1; 

(v) Let < x n < . . . < Xi < x\ < 1 be the positive zeros of L in D counting 
multiplicities. Then 

(a) There is an even number of zeros (counting multiplicities) of L on 

Mr 1 )/ 

(b) There is an odd number of zeros (counting multiplicities) of L on 
(xj^xjlj) (j>l); 

(c) xj 1 is not a zero of L; 

(vi) Let —l<yi<y 2 <...<y n <0be the negative zeros of L in D counting 
multiplicities. Then 

(a) There is an even number of zeros (counting multiplicities) of L on 

(vl 1 ,-}]; 

(b) There is an odd number of zeros (counting multiplicities) of L on 

(yj+i, vj 1 ) (i> i); 

(c) yj 1 is not a zero of L. 

Theorem 5.5. Let R > 1. Then L{z) is a perturbation determinant of a Jacobi 
matrix satisfying 

limsup(|l-a„| + |&„|) 1/2 " <R-' (5.3) 

n— >oo 

if and only if 

(i') L{z) has a real analytic continuation to {z : \z\ < R}; 

(ii) L{z) is nonvanishing on D \ R; 

(iii) if +1 and/or — 1 are zeros, they are simple; 

(iv) L(0) = 1; 

(v) Let < x n < . . . < X2 < X\ < 1 be the positive zeros of L in D counting 
multiplicities, and suppose x^+i < R^ 1 < %k- Then 
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(a) There is an even number of zeros (counting multiplicities) of L on 

Mr 1 ); 

(b) There is an odd number of zeros (counting multiplicities) of L on 
(sjSsji) (1< j<k-l); 

(c) xj 1 is not a zero of L (1 < j '•< k); 

Let — 1 < j/i < y2 < ■ ■ ■ < y n < be the negative zeros of L in D counting 
multiplicities, and suppose y^ < — Br 1 < i/k+i- Then 

(a) There is an even number of zeros (counting multiplicities) of L on 

(vl\-}]s 

(b) There is an odd number of zeros (counting multiplicities) of L on 

(yjlnvi 1 ) (l<j<fc-l); 

(c) yj 1 is not a zero of L (1 < j < k). 



Proofs of Theorems \5.4\ and \5.5\ Note that zeros of u coincide with the pole s of 
M, where M{z) = —m(z + z _1 ) for z € {z : \z\ < 1}. Therefore Theorem 



5.4 



can 



be easily deduced by applying Theorems |3.2| and |4.1| But the latter theorem is 
currently proved only if all the intervals of e have equal equilibrium measures. So 
instead let us prove directly that the existence of canonical weights is equivalent to 
(v) and (vi). 



Note that if all Wj are canonical, then (5.1) implies that u'(xj)u(l/xj) > 
(j < k). 

Suppose first that u(l) > or u(l) = 0, u'(l) < 0. This implies u'(xi) > 0, which 
means u(l/xi) > 0, i.e., (v)(a) holds. Continuing this further, we get u'(x2) < 0, 
which then implies u(l/x2) < 0, which means there is an odd number of zeros of u 
on (x^ 1 , x^ 1 )- This proves (v)(b). (v)(c) is trivial since Wj is finite. 

Similarly, u(l) < or u(l) = 0, u'(l) > imply u'(xi) < 0, which means 
u(l/x\) < 0, which then implies (v) in the same way. 

The arguments with j/^'s are analogous. 

The converse is also straightforward: if (v)(a)-(c) and (vi)(a)-(c) hold, then 
the above arguments in the reversed order show that u'(xj)u(l/xj) > and 
u' (yj)u{l/y~j) < 0, which implies that for each such Xj and yu there exists a positive 



weight w satisfying (5.1). □ 

6. Point Mass Perturbations 

Normally in the theory of orthogonal polynomials we require the measure of 
orthogonality /i to be of total mass 1. So if we wish to add/remove a pure point 
to/from the measure, one would have to renormalize the measure by dividing by a 
constant. We will not do this in the current section just to avoid messiness. Indeed, 
note that if p n (x) are orthonormal polynomials for /i, and c is a constant, then c/j, 
has orthonormal polynomials p n (x) j \fc, which satisfy the same recurrence relation 
as p n {x). Therefore the associated Jacobi parameters and Jacobi matrix are the 
same for \x and for cfj,. 



Until the end of the paper, let /i obey (1.4) or (1.3). Then m has meromorphic 
continuation to Sr. In particular, m has finitely singularities on S + . By Lemma 2.7 
/i has no singular continuous part. Thus 



N-l 

d^(x) = f{x)dx + 2J WjS Zj , (6.1) 



16 



ROSTYSLAV KOZHAN 



where esssupp^i = supp/(a;) = e; Zj € R \ e; Wj > 0; 1 < N < oo (we write TV — 1 
rather than N just for convenience, since we will be adding an eigenvalue). 

Let (a n , b n )^-i be the Jacobi matrix of fi, and (a„, 6 n )^_ 1 the Jacobi matrix for 
fx (where fi will be defined later). Let m and fh be the m-functions of [a n , 6 n )^Li 
and (an,0n)$?Li, respectively. 

6.1. Removal of point masses. 

Theorem 6.1. Let fi be ( |6.1| ) and 

dfi(x) = dpb{x) - 
Lei i? > 1 . TTie following holds true. 
(i) // 

/ / \ \ l/2n 

lim sup (|a n - off) | + |6„ - | < iT 1 , 
for some periodic Jacobi matrix [an \^>n )5£Li; 

limsup f|a n - + |6„ - h^lV' 2 " < iT 1 , (6.2) 



/or some periodic Jacobi matrix (ai , &i )^Li /rom £/ie same isospectral 
torus. 

(ii) If (a n ,b n )'^L 1 is eventually periodic, that is, there exists s such that 

a n = 4 0) , 6 n = 6^ 0) /oroZ/n>s + l, (6.3) 
for some periodic Jacobi matrix (an, bn)n°=ii i/ien 



a 



(0) 
n i 



= 6^ for alln> s + 1, (6.4) 

/or some periodic Jacobi matrix (a£°\ 6i°'')^L 1 /rom f/ie same isospectral 
torus. 

Remark. If / = then (on°\ &n°' ) )^i = (oi , &l°^)^Li of course. Therefore in this 
case the removal of a mass point is a finite rank perturbation (of rank at most 
s). If I ^ then in general there is no reason for (cin \ bn^)n°=i to coincide with 

V«n , On )n=l- 

Example. Let us illustrate this on a simple 1 = 1, s = case. Suppose a„ + 2 = a n , 
0n+2 = b n for all n. Instead of writing (a n , bn^—i, let us write simply (a-i, a2, 6i, 02). 
Suppose (01, 02, &i, 02) has an eigenvalue (zo)+ in the gap. If we remove this eigen- 
value then the Jacobi matrix J corresponding to the new measure is going to 
be the 2-periodic matrix (02,01,61,62). Indeed, by [15, Thm 5.2.2], m*(z) = 
(a\m(z; Jq)) , where J$ = (01,02,62,61). Thus m(z;J^) has a zero at (zq)-. 
But then once-stripped matrix (j7" ~)'- 1 - ) = (02,01,61,62) will have a pole at (zq)—. 
We know that J is periodic by the above theorem, and we see that it has the same 
pole structure as (^o")' 1 ^ = (02,01,^1,02). This implies that J = (02,01,61,62). 

Proof of Theorem \6.1\ Note that 

\ ( \ W N-1 

m\z) = m(z) , 

z N -i - z 

therefore m has meromorphic continuation to the same domain as m, and 

m(z) — fh}(z) = m(z) — m}(z) 
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Thus (ii)(a)-(c) of Lemma 2.5 for fh are immediate from (ii)(a)-(c) of Lemma 2.5 



for m. Condition (ii)(d) for fh is also clear, since the only new pole is at (zjv-i)— i 
and (zjv-i)+ is no longer a pole. □ 

6.2. Addition of point masses. As above, let J be a Jacobi matrix that is 
exponentially close to being periodic, ( |1.4[ ). When adding a point mass at Zjy, it is 
natural to consider two situations: if (zjv)- is in the domain of meromorphicity of 
m, and when it is not. The latter case is simpler, and can written as zjy G C \ Er 
in the notation of Lemma |2.5[ equivalently, 



^M^HZi< r i (6 .5) 

Note that if I — and e = [—2,2] (perturbation of the free Jacobi matrix), then 
A(z) = z, and the left-hand side of ( |6.5[ ) is the inverse of the map l9z4z| z^ 1 . 
Let us denote 

rOiv) = ^ e(0,l]. (6.6) 



Theorem 6.2. Let fx be ( |6.1[ ) and 

= + Wn8 Zn , 

zjv ^ supp /i. Lei R > 1 and 

// 

lim sup ( |a„ - al 0) | + |6„ - 6<°> | ) < iT 1 , 



/or some periodic Jacobi matrix (offi, bn^)^ = i, then 

limsup(|a n -4°)| + | On -6£ )|) < R , (6.7) 

/or some periodic Jacobi matrix (a„ ,6^)J£L 1 /rom £/ie same isospectral torus. 
Theorem 6.3. Let /i oe ( |6.1[ ) and 

djl(x) = dfi(x) + u>n5 Zn , 

zn supp Let i? > 1 and 

r(zAr)- 1 > R-\ 

If 

hmsup (K - al°)| + |6„ - oW|) 1/2 " < fl" 1 , (6.8) 
for some periodic Jacobi matrix {a$\bn )^=i? #&en 

limsup(|a n -aW| + |6„-6i )|) < r^)" 1 (6.9) 

/or some periodic Jacobi matrix (3n ,&n )^i /rom £/ie same isospectral torus. 
Moreover, 

(i) If m(z) — J has a first order pole at (zj\r)_ and Res z= ( Zjv )__ m(z) = 

wat 7 t/ien 

/ , > ~ ^ \ l/2n 

limsup(|a n -4°)| + |& n -6l )|) < R . (6.10) 
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(ii) Otherwise 



lim sup ( | 

n— >oo ^ 



(I,. 



l/2r, 



r(z N ) 



(6.11) 



Remarks. 1. R = oo is allowed. 

2. One can also replace (6.8) and (6.101 with (6.3) and (6.4) respectively. This 
is of course a different result from just R — oo case. 

3. If I — 0, then in particular these theorems say that adding or removing a 
pure point is an exponentially decaying perturbation. If Z > 1, then in general 
(on°\ bn ^)^Li i s different from (a„ , )J£Lij so the perturbation is not exponen- 
tially decaying. One could still say that it is exponentially decaying with respect to 
the distance from the isospectral torus. 

4. Note that the (i) of Theorem 6.3 says that adding a pure mass at zjy without 
modifying the continuous part of fj, will work only if z /y is a resonance of order 
1, and if residue of to" is positive. From Theorem 



3.1 



we also now that moving 
resonance into an eigenvalue has a chance of working only if zn is an odd-numbered 
singularity when counted from the nearest band edges. Indeed, by tracking the signs 
of to — to", just as in the proof of Theorem 3.1 one can check that positivity of the 
residue of to" is equivalent to being an odd-numbered singularity. 



w N 



Proof of Theorems (L2 and \6.3[ Note that 

fh(z) = m(z) + 

ZN - Z 

and therefore to has meromorphic continuation to the same domain as to, and 

fh(z) — fiv(z) — m(z) — rrv(z). 



Thus (ii)(a)-(c) of Lemma 2.5 for fh are immediate from (ii)(a)-(c) of Lemma 2.5 
for to. 

In the setting of Theorem 6.2 (ii) (d) is also clear, since {zm)~ is not in Sr (see 
©)• 

In the setting of Theorem |6.3| condition (ii) (d) for to is holds if and only if (zn)_ 
is not a pole of fh{z). Thus we need 





Res m(z) 
=(zn)- 



Res m(z) 

= ( z n)- 



W N . 



\_ m(z) then fh satisfies Lemma |2.5|li) in the same domain 



Thus if wn = Res 2 

as to, so (6.10) holds. Otherwise fh satisfies Lemma |2.5[ii) only up to the point 



-{zn 

ds. 

(zjsf)—. So the maximal r that we apply Lemma |2.5[ ii) to, is determined from 

\A(z N )\ =r + r~\ 

which implies r~ 



r(z/v) 1 where r(z) is defined in (6.6). 



□ 



One can also ask question about what happens when one modifies, rather than 
removes, the weight at a particular point mass. A very general result of Simon |14[ 
Cor 24.4] says that this always produces an exponentially decaying perturbation: 

Lemma 6.4 (Simon). Let zq be an isolated pure point of a measure of compact 
support fi on K. Let dJ2(x) = d/i(x) + XS ZQ , where X > — /i({zq}) so zq is also a 



pure point ofj2(x) 



Then for some 1 > C > 0. 
lim sup ( \a n - a„| + \b n - b T: 

n. — ^oo \ 



l/2n 



< c. 
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Using our methods, assuming that /i satisfies (1.4), we can slightly sharpen the 
conclusion of this result. 



Theorem 6.5. Suppose that \i satisfies the conditions of Lemma 6.4 
associated Jacobi matrix (a„, & n )™ = i satisfies 

(, ™. .. .™.\V2 

limsup I | a, 

n— f oo ^ 



,(0)1 



R- 



for some periodic Jacobi matrix (an\ bn^)^ = i and some R > 1. Then 

l/2n 



lim sup 



\b„ - b n \ 



Proof. Indeed, to has singularities at both (zo)+ and (zo)_ (unless A 
— //({zq})). Therefore the condition (ii)(d) of Lemma 2.5 breaks down. 



id that the 
(6.12) 

(6.13) 

= or A = 
□ 



It is amusing that if A = — /i({zo}) + £ with varying e > 0, then the left-hand 
side of (6.13) is constant max{r(zo) R^ 1 }- However when e = then (a„, b n )^ =1 
becomes exponentially close to a completely different periodic matrix (generically) , 
i.e., the left-hand side of (6.13) becomes 1. Of course, even though each Jacobi 
parameter depends continuously on A, the limsup has no reason to be continuous. 

7. Christoffel transform of measures 



As we have seen in Theorem 6.3 if there is no resonance of to at zn then we can- 
not add a pure mass at zn while preserving the rate of exponential convergence. It 
was noted by Geronimo (in I = situation, see Thm 7]) that if z^ > supsupp/i, 
then one can remedy the situation by first dividing the measure by a linear factor 
(z^ — x) and then adding the pure mass at zn- We provide here a simple alternative 
proof, at the same time generalizing this result to any I. 



Theorem 7.1. Let /i be (6.1) and 

dfi(x 



1 



f{x)dx ■ 



zjv — x 

where zn > supsupp/i. Let R > 1 and 

,(0)1 4 



JV-l 

V- 



IV, j 



-8 Z . + w N 5 z 



limsup ( \a ri 

n— f oo ^ 



l/2n 



< R- 



for some periodic Jacobi matrix (<Xn\ bn ^^Li, an & 



Then 



lim sup 



w N = m((z N ) + ) - m((z N )-)- 

l/2n 



(7.1) 



(7.2) 



(7.3) 



(\a n 



7(0)1 



for some periodic Jacobi matrix (a„ , bn^)%L± from the same isospectral torus. 



< RT 



(7.4) 



Remarks. 1. Again, one can also replace (7.2) and (7.4) with (6.3) and (6.4) re- 
spectively. 

2. The restriction zn > supsupp/x is needed to keep the new measure positive. 
If zjv < inf supp/x then one can similarly divide the measure by x — z/y. If zm does 
not satisfy either of these conditions then in order to add an eigenvalue at zjy we 
also need to add a resonance. We discuss this below. 
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3. Note that there is an implicit restriction here that the right-hand side of (7.3) 



is positive to ensure > 0. In view of Theorem |3.1| we can now understand this 



restriction: indeed, by tracking the signs of m — m" in the proof of Theorem 3. 1 one 
sees that m((#jv)+) — m((zpf)-) > if and only if [ai+\,zjf) (or (zn,0i\) contains 
an even number of singularities of J\ If there is an odd number of them, then one 
cannot simply add another eigenvalue without the need to add a resonance as well. 
We address this question later in this section. 



Proof. By Lemmas 2.5 and |2.7| f(x) has an meromorphic continuation to Sr. 



Therefore so does f(x)/(z^ — a;). So by Lemma 2.7 again, we obtain that fa 
satisfies Lemma [2~5| ji) (a) . (ii)(b) is trivial. Also, 

m(z) -m*(z) = 2mf(z), (7.5) 
m(z) — fnP(z) — 2irif(z)/(zN — x), (7-6) 

where f(z) is the meromorphic continuation of / to 7r (Er). This shows that if 
(ii) (c) holds for m, then it holds for fa. 

Let us check (ii) (d.) for fa. Simultaneous poles of fa can occur only at (zj)±, 
where 1 < j < N. If 1 < j < N — 1, then by (ii) (d) for m we have Res( z .\, rnr{z) = 
0, which implies 

Res m(z) = 2wi Res f(z). 

z -\ z j)+ z -\ z j)+ 



Using (7.1), this implies 



2mf(z) 

Res fa(z) = Res J -^- L . 

z=(z j ) + z = ( z i) + zn — x 

Then ( |7.6[ ) shows that frfi has no pole. 

Finally at (zn)+, the residue of fa is —wn, and the residue of 2irif(z)/(zN — x) 
is —2irif(zN) — — [m((zjv)+) — m tl ((z7v)+)] ■ Since they are equal, cf. ( |7.3| , this 
means that m" has no pole at (zjy)+- Q 



We have already noted (see Remark 4 after Theorem 6.3 and Remark 3 after 



Theorem 7.1) that it is not always possible to add a mass point to the spectrum 
without paying attention to the resonances. Indeed, Theorem |3.1| shows that to- 
gether with adding the eigenvalue, we are usually forced to add a resonance. For 
example, suppose that a gap (/?i,a2) contains singularities z\ < z-i < 23, and let 
z\ and Z3 be eigenvalues and z-i a resonance. If we want to add an eigenvalue 
z e (zi, Z2), then we also need a resonance on (zi,z ) is order for the conditions of 
Theorem |3.1 j to be satisfied. Similarly, if we want to add an eigenvalue z € (z 2 , 23), 
then we need a resonance on (20,23). Moreover, if instead one wants to make z-i 
into an eigenvalue, then one needs to add a resonance on (zi, z-i) and a resonance 
on (z 2l z 3 ). 

How do we add resonance at a point kfl This is easily achieved by dividing the 
measure by (z — ki). To add an eigenvalue at a point k 2 we divide by (z — k 2 ) 
and add w 2 Sk 2 (with w 2 uniquely determined). If k\ and k 2 are close together this 
preserves the positivity of the measure. 

Finally, suppose we want to add an eigenvalue at k\ while there is a resonance 
of order N > 1 at ki. Then we should remove the resonance (by multiplying the 
measure by (z — k±) ). To keep the measure positive (equivalently, to satisfy the 



condition (iv) of Theorem 3.1), we should immediately introduce new N (or N 
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mod 2 is enough) resonances close to k\ by dividing the measure by (z — (ki ±e)) N . 
Now ki is no longer a singularity and so we can apply the above procedure. 
We formalize these ideas in the next theorem. 



Theorem 7.2. Let fi be (6.1|, R > 1, and the associated Jacobi matrix satisfies 
limsup(|a n -al°)| + |6„-6W| < iT 1 (7.7) 

for some periodic Jacobi matrix (ai°\ bn^ ')55=i ■ 

Let Zm ^ supp/z. Then there exists a rational function g(x) and wn > such 
that measure 

N-l 

dfi(x) = g{x)f{x)dx + ^ 9{ z j)w 5 Zj + w N 5 ZN , (7.8) 

is positive, and satisfies 

lim sup ( \a n - a<°> \ + \b n - &g>) \ ) ^ < R~ 1 (7.9) 

n— too ^ ' 

for some periodic Jacobi matrix (a„ , bn ^)^ = i from the same isospectral torus. 

Proof. Suppose first that there is no resonance of /i at zn- Choose e > small 
enough so that there is no singularity of /x in [zn — £, zn + e). Then let 



(x — zn){x — zn ± e) 



where the sign is to be determined later. It is clear from the proof of Theorem 7.1 
that the measure 

2V-1 

dv(x) = g(x)f(x)dx + ^ 9(zj)WjS Zj (7-10) 



satisfies conditions (ii)(a)-(d) of Lemma 2.5 and contains the same system of sin- 
gularities as /i plus two new first order resonances at zn and zn T £■ Let n{z) be 
the m-function of v. Now let us apply Theorem 6.3 i) to v at zn ■ It can be applied 
only if 

wn = Res rv(z) 

z = ( 2 n) + 



is positive. But by Lemma 2.7 and the fact that (z/v)+ is not an eigenvalue, we get 

Res J(z) = -2m Res M -2"/((^) + ) . 

z-(z N )+ z=(z N )+ (z - z N )(z - zn ± e) ±e 



Note that /((^7v)+) is non-zero by Lemma |2T5[ ii) (c) . Also, if((z N )+) is real since 
both m and are real on 7r _1 (IR\e). Therefore choosing either positive or negative 
sign in front of e, we can make sure that wn > 0. 

Now suppose that zn is a resonance of of n order k > 1. Choose e > small 
enough so that there is no singularity of /j in (zn — e, zjv + e) other than zn- Then 
let 

(x - z^- 1 



(x — zn — e) kl (x — zn + e) k+1 kl 
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Note that g is positive on supp /i. The same arguments as before show that the 
measure 

N-l 

dv(x) = g(x)f(x)dx + 2J g{z J )w :j 5 Zj (7-11) 
i=i 

satisfies conditions (ii) (a)-(d) of Lemma |2.5| and contains the same system of sin- 
gularities as ll except for the new resonances of order k\ at zjv + £, of order k + 1 — k\ 
at zjq — e, and the order of the resonance at z_/v is now 1 instead of k. Now we can 
apply Theorem |6.3[ i) to v at zn, and see that 

v> tf \ o ■ r I \ {z- z N f- 1 !{z) 

wn = Kcs rr(z) = — 2ni hm (z — zn)- 



z=(z N ) + 



K**r)+ ' (z - z w - e) fc i (z - z w + e )*+i-*i 

r 1 xfc 1 -l 27rilim ^(ziv) + ( Z ~ Z A f ) fc /( Z ) 

V ^ £ k+l 

Now i lim 2 _ > ( Ziv ) + (z — z^) k f{z) is real, and so choosing either k\ = or 1 will make 
w N > 0. □ 

Using the same approach it is easy to see that we can also modify resonances in 
any way we want if it does not violate the conditions of Theorem |3.1| 



Corollary 7.3. Let R > 1, and the associated to a measure ll Jacobi matrix satisfies 

l/2r. 



limsup I |a„ 

n — Kvi ^ 



al°)| + |6 n -6(°)|) n <R-' (7.12) 



for some periodic Jacobi matrix (an\ bn^ )^Li ■ 



For any system of singularities that is consistent with Theorem 3.1 and that 



differs from the system of singularities of [i in finitely many points, there exists a 
Christoffel transform and a sequence of Uvarov transforms that produces a positive 
measure fi with such a system of singularities. 

Remarks. 1. To destroy a resonance or an eigenvalue at zq one needs to multiply the 



measure by (z— zq). To keep the measure positive (equivalently, to keep Theorem 3.1 



satisfied), one also needs to delete a neighboring singularity, or to introduce another 
one. 

2. By an Uvarov transform we mean addition of a new point mass, and by a 
Christoffel transform, we mean (7.11). 

8. Perturbations of block Jacobi matrices 



Theorems |6.1| |6.2[ |6.3| |7.1| for I = can be generalized to the matrix-valued 
setting. By this we mean the (block) Jacobi matrices with the coefficients a n and 
b n being m x m matrices. The approach to the proofs is the same, except instead 
of Lemmas 12.51 and 12.61 we need to use their matrix- valued extensions. These are 
proved by the author in [12l Thm 3.8-3.9]. The main difference is that (ii) (d) gets 
more complicated because now simultaneous poles at z and z$ are possible but 
under additional constraints. 



The statement of these matrix- valued generalization for Theorems |6.1 6.2 7.1 



is exactly identical to the scalar versions, except now e = [—2, 2], A(z) = z, instead 
of (1.4 1 and (1.3 1 one now has 

limsup (116*11 + ||1 - a n a* n \\) 1/2n < R 
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2:S 



and 

b n = 0, a n a* n = 1 for all n > s + 1, 

respectively. Here 1 and are m x m identity and zero matrices, and a* is the 
Hermitian conjugate. 

The matrix- valued analogue of Theorem |6.3| slightly differs from scalar case: 



Theorem 8.1. Let /j, be a (matrix-valued) measure (6.1) and 

dfi(x) = dfi(x) + w N S ZN , 
zn ^ esssupp/i = [—2,2]. Let R > 1 and 

r(zAr)- 1 > R-\ 

If 

limsup(||6„|| + ||1 - a n a* n \\) 1/2n < R (8.1) 

n— yoo 

then 

limsup(||MI + 111 - a„<||) 1/2n < r^)- 1 (8.2) 

n— J-oo 

Moreover, 

(i) If m has no singularity at (zn)—, then 

/ ^ \ l/2n 

limsup M|6„|| + ||1 - a„a*||) = r(z N y x (8.3) 

(ii) If m(z) = J has a first order pole at (z/v)_, then 

f ^ \ l/2n , ^ s l/2n 

limsupl||& n || + ||l-a„a*||j = limsup I ||6 n || + ||1 - a„a*||] < R (8.4) 

if and only if wn — P (Res z= ( Zjv )_ m(z)) P, where P is the orthogonal 
projection onto an invariant subspace of Res z= ( Zjv )_ m(z). If is not of 
this form then (8.3| holds. 

(iii) If m(z) = J ^'fj has a pole of order higher than 1 at (z^v)-, then (8.4) 
holds if and only if 

Ranwjv C ker [(m((z N )-) — m 1J ((zAr)_)) _1 ] , 
lUn^cflta 1„ (W) -rfC))-^) + (»W - m>(z)r'^-)Y 

\ z->(z N )_ \ Z — ZM J J 

Otherwise (8.3) holds. 
The proofs of these results are written in [TTJ Sect 1.3]. 

Acknowledgement. The author would like to thank Rowan Killip for useful 
discussions. 
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